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Abstract. In this paper we give new estimates for the solution to 
the Schrodinger equation with quadratic and sub-quadratic poten- 
tials in the framework of modulation spaces. 



1. Introduction 

In this paper, we shall give estimates for the solution to the time 
dependent Schrodinger equation 

Udtu(t,x) = -±Au(t,x)+V(t,x)u(t,x), (i,i)elxr, 
^ ' (u(0,ac) = itoO), x G R n 

in the framework of modulation spaces. Here % = \J— 1, u(t, x) is a 
complex valued function of (t,x) G R x R™, V(t,x) is a real valued 
function of (t,x) G R x R n , Uq(x) is a complex valued function of x G M. n , 
d t u = du/dt and Am = YH=i d 2 u/dxf. 

We shall highlight the case V G C°°(R x R n ) and for all multi- indices 
a with | a | > 2 or |a| > 1 there exists C a > such that 

(2) \d£V(t,x)\<C a , {t,x)eRxW l . 

There are a large number of works devoted to study the equation ([T]) . 
Particularly, in the context of modulation spaces M p,q , these types of 
issues were initiated in the works of Benyi-Grochenig-Okoudjou- Rogers 
PQ, Wang-Hudzik [IS] and Wang-Zhao-Guo pi]. 

Theorem A. (Benyi-Grochenig-Okoudjou- Rogers [T]) Let 1 < p, q < oo 
and <p G <S(R n ) \ {0}. Suppose V(t, x) = 0. Then there exists a positive 
constant C such that 

IK*, 011m*. < C(l + |t|)" /2 |ko|U/-, u G 5(R") 
for all t G R, where u(t, x) is the solution of (PQ) with u(0, x) = Uq(x). 
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Theorem B. (Wang-Hudzik [TB]) Let 2 < p < oo, 1 < g < oo, l/p + 
l/p' = 1 and ipo G <S(R n ) \ {0}. Suppose V(t, x) = 0. Then there exists 
positive constants C and C such that 

\\u(t, -)||m- < C(l + \t\r n{1/2 ~ 1/p ^u \\ K ', q , u G S(R n ) 

and 

ll«(v)ll*ar ^ c "( 1 + l*l) n(1/2 ~ 1/p) KIL-, n g s(R n ) 

for all t G R, where u(t,x) is the solution of ([1]) with u(0,x) = uq(x). 

The studies of this theme have been developed by a number of authors 
using a large variety of methods (see, for example, Benyi-Okoudjou [2], 
Cordero- Nicola [3J, [I], Kobayashi-Sugimoto [12], Miyachi- Nicola- Rivetti- 
Tabacco-Tomita [13], Tomita [H], Wang-Huang [T5]). 

In our previous papers, we have the following estimates. 

Theorem C. (Kato-Kobayashi-Ito [9], [TO], [II]) Let 1 < p. q < oo and 
e S(R") \ {0}. 

(z) Suppose V(t,x) = 0. Then 

IK*, 0IIa^- ( « o = IKHm™, mo e <S(R n ) 

holds for all t G R. 
(m) Suppose V^(i, x) = ±||x| 2 . Then 

IK*, OIlAfJ&.j = IMIm^ , m G S(R n ) 
holds for all t G R. 

In (i) and (ii), u(t, x) and <^(t, x) denote the solutions of §\§ with u(0, x) = 
u (x) and ip(0, x) = <fo(x). 

We remark that Theorem C covers Theorem A and B (see [5]). 
To state our results, we define the Schrodinger operator of a free par- 
ticle e2 ltA by 

(e^ A /)(x) = J=g,[e-»V/(0](a:), / G 5(R»). 

Here we use the notation J-f(£) = J R „ f(x)e~ lx '^dx for the Fourier trans- 
form of / and J z - 1 f{x) = J Rn f(0e ix< d~£ with tff = (27r)- n d£ for the 
inverse Fourier transform of /. The following theorems are our main 
results. 

Theorem 1.1. Let 1 < p < oo, ip G S(R n )\{0} and T > 0. Set 
<p(t,x) = e^ itA ip (x). IfV E C°°(R x R n ) satisfies © for all multi- 
indices a with \a\ > 2, then there exists Ct > such that 

IK*, OIIm^.) < C t \\u \\ m p,p, u G SiW) 

for allt G [-T, T\, where u(t, x) denotes the solution of (pQ) in C(R; L 2 (R™)) 
with u(0, x) = Uq(x). 
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In the above theorem, we cannot expect to replace the M p,p norm with 
the M p,q norm. In fact, when V(t,x) = ||x| 2 we have 

IKV^Im^., = \\\\W vo u Q (xcost - £sint,xsint + £cost)\\ L r\\ L <i 

and thus 

rM =\\\\W vo u Q {£,x)\\ Ll \\ L « 

(refer to [10]), but || HW^n^C, x) \\ip\\l\ < £||||^o w o(^0lkslk| does 
not hold generally. However, if we strengthen the assumption of V then 
we can replace the M p,p norm with M p,g norm. 

Theorem 1.2. Let 1 < p, q < oo, ip G <S(R™)\{0} and T > 0. Set 
(p(t,x) = e^* A ^ (x). IfVe C°°(R x R n ) satisfies © for all multi- 
indices a with | a | > 1, t/ien i/iere exists Ct > suc/i that 

\\u{t, -)\\ MPf < C T \\uo\\ M ™, u G <S(R n ) 

<?(*,■) Til 

for allt G [— T, T], where u(t, x) denotes the solution of ([1]) in C(R; L 2 (R n )) 
u^/i w(0, x) = uo(x). 

Remark 1.3. In Theorem 11.11 and Theorem 11.21 we assume V(t,x) G 
C°°(R x R") but, in fact, it is enough to assume V(t,x) is C 2 -function 
in t and C 2 ^' +4 -f unction in x. 

This paper is organized as follows. In Section 2, we give some notations 
and recall the definitions and basic properties of wave packet transform 
and modulation spaces. In Section 3, we give some properties concerning 
the orbit of the classical mechanics corresponding to the Schrodinger 
equation ([1]). In Section 4, we prove Theorem 11.11 Finally, in Section 5, 
we prove Theorem 11.21 

2. Preliminaries 

2.1. Notations. For ) G R™ and a m x n matrix A = 

(aij), we denote 

(x) = (1 + |x| 2 )2, 11x1100= max|xj| and 11741100= max |ojjfc|- 

l<j<m,l<fc<ra 

For a real valued function V G C 1 (R x R n ), we put 

V x V(t, xi, . . . , x n ) = (d Xl V(t, x 1 ,...,x n ),..., d Xn V(t, xi, . . . , x n )). 

Throughout this paper the letter C denotes a constant, which may be 
different in each occasion. 
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2.2. Wave Packet Transform. We recall the definition of the wave 
packet transform which is defined by Cordoba- Fefferman [5] . Wave packet 
transform is called short time Fourier transform or windowed Fourier 
transform in several literatures. Let / G iS'(R n ) and tp G iS(R n )\{0}. 
Then the wave packet transform W ip f{x^) of / with the wave packet 
generated by a function (p is defined by 



W v f{x,t)= / l p(y-x)f(y)e- i ^dy. 



We call such *p window function. Let F be a function on R™ x 1". Then 
the (informal) adjoint operator W* of W v is defined by 

W;F{x) = [[ F(y, ()<p(x - y)e ix <dyd^ 

with <f£ = (2ir)- n d£. It is known that for cp,ip G <S(R™)\{0} satisfying 
(i[>,(p) 7^ 0, we have the inversion formula 

^W = /> / G <S'(R n ) 

(0 Corollary 11.2.7]). 

For the sake of convenience, we use the following notation 



AC 




W v (t,.)u(t, x, = W v ( t ,.) [u{t, •)] (x, = / f(t, V - x)u(t, y)e iy< dy, 
where <p(t, x) and u(t, x) are functions on R x R n . 

2.3. Modulation Spaces. We recall the definition of modulation spaces 
M p ' q . Let 1 < p,q < oo and <p G S(R n ) \ {0}. Then the modulation 
space MP' q (R n ) = M p ' q consists of all tempered distributions / G S'(R n ) 
such that the norm 

\ i/P \ l,q 

\w v f(x,s)\>dx\ dn = nn^/(x,e)iudUi 

is finite (with usual modifications if p = oo or q = oo). 

The space M^' 9 (R n ) is a Banach space, whose definition is independent 
of the choice of the window function cp, i.e., M^ q {W l ) = M^' 9 (R n ) for 
all (p,ip G 5(R n ) \ {0} ([HI Theorem 6.1]). This property is crucial in 
the sequel, since we choose a suitable window function <p to estimate 
the modulation space norm. If 1 < p, q < oo then 5(R n ) is dense in 
MP' q (P Theorem 6.1]). We also note L 2 = M 2,2 , and M Pl ' qi ^ M»-« 2 
if Pi < P2,qi < qi (0, Proposition 6.5]). Let us define by Ai p ' q (M. n ) 
the completion of 5(R n ) under the norm || • \\mp>v- Then Ai p,q (M. n ) = 
M p,q (M. n ) for 1 < p, q < oo. Moreover, the complex interpolation theory 
for these spaces reads as follows: Let < 6 < 1 and 1 < Pi,qi < 
oo, % = 1, 2. Set l/p = (1 - 6)/pi + 6/p2, l/q = (1 - 0)/qi + 0/q 2 , then 
(M pl ' qi ,M P2 ' q2 ) [e] = M p ' q (0 Theorem 6.1], [El Theorem 2.3]). We 
refer to [6] and [8] for more details. 
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3. Key Lemmas 

The orbit of the classical mechanics corresponding to ([[]) is described 
by the system of ordinary differential equations 

{^ s 9(s) = -(V x V)(s,f(s)), 

where / : R — > R™ and g : R — > R n (see also Fujiwara [7j). So, we prepare 
two lemmas which give some properties of the solutions to the system of 
ordinary differential equations. Following lemma is used in the proof of 
Theorem 11.11 



Lemma 3.1. Let V G C°°(R x R n ) satisfy ([2]) for all multi-indices a 
with \a\ > 2. Suppose that f(s;t,x,£) and g(s;t,x,£) are solutions to 
([3]) satisfying f{t) = x and g(t) — £ and put 

M(s;t,x,£) = (wij) 







dfi 


y S, t, x, 


dfi 


V S, t, x, £) 


dfi 






dx\ 




8x n 








d£n 


9f„ 


[s;t,x,£) 


9fn 




9f n 


[s;t,x,£) 


df n 






dxi 




dx n 




dii 




din 


dgi 




dgi 


V S, t, X, 


dgi 


s;t,x,C) 


dgi 


s;t,x,£) 




dx\ 




dx n 




dti 




d£ n 


dg n 




dg n 




dg n 




dg n 




\ 


dx\ 




dx n 








din ) 



Then detM (s; t, x, £) = 1 for all s, t, x and £. 

It is easy to prove this lemma by the standard method, but we give 
the proof for reader's convenience in Appendix. Next lemma plays an 
important role in the proof of Theorem 11.21 

Lemma 3.2. Let f(s;t,x,£) and g(s;t,x,£) be solutions to ([3]) with 
f(t) = x and g(t) = f. If V e C°°(R x R n ) satisfies © for all multi- 
indices a with \a\ > 1, then there exist Ci,C 2 > such that 

(4) I < Ci(l + \t-s\^) 



(y- f(s;t,x,£)) (y-x + (t-s)£) 
and 

( 5 ) 1 < C2(l + |t-*|) 

(v-g(s;t,x,Z)) ~ (v-0 
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Proof. First, we show (jl]). Since /(s;i, x, £) and g(s;t, x,£) solve 
we have 



f(s; t, x, £) = f(t; t, x, + J g(r; t, x, £)dr 

= x + J [g(t; t, *,0-f t (V x V)(a, f(a- 1, x, f))cfo ) dr 
t)£ - J J\v x V)(a, f(a; t, x, i))drda 



x + (s 



(6) =x+{s-t)t- J {a-s){V x V){aJ{a-t,x,t))d(j. 

Since V satisfies (j2J) for all multi-indices a with \a\ > 1, we have 

(7) \(d Xj V)(a,f(a;t,x,t))\<2C 
for j — 1, 2, . . . , n. By and (j7]), we have 

\y-x + {t- s)£| < |j/ - f(s] t, x, 1 + *, x, - z + (* - s)£| 



< |y-/( S ;*,x,£)| 



J s 



\a — s\da 



< \y-f{s;t,x,0\ + 2V^C 
= \y-f(s;t,x,0\ + V^C\t-s\ 2 . 

So, we have 

(y- x + (t- s)C) < {1 + 2(\y - f(s; t, x, £)| 2 + nC 2 \t - s] 4 )} 1 / 2 
< s/2(l + yfiiC\t - s\ 2 ) (y - f(s; t, x, £)). 

Putting C\ = v2max{l, y/nC}, we obtain @. 

Next, we show (J5j). Since /(s; t, x, £) and t, x, £) solve (jSJ), we have 
t, x, = #(t; t, x,£)- j V x V(a, /(cr; t, x, £))da 



£ + / V s y(a,/(<7;t,a;,0)do- 



and thus, 



1^7 — «ei < \v-g{s;t,x,0\ + \ g (s-t,x,0-t\ 



< \n- g{s;t,x,^)\ 



(V x V)(aJ(a;t,x,0)da 



< \r]-g(s;t,x,0\ + 2yftiC\t-s\ 
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Hence, we have 

(V-O < {1 + 2(\ V - g(s-t,x,0\ 2 + 4nC 2 \t-s\ 2 )} 1 * 
< V2(l + 2^C\t -s\){rj- g(s; t, x, £)}. 
Putting C 2 = \/2max{l, 2y/nC}, we obtain ©. □ 

4. Proof of Theorem 11.11 

We only consider the case t G [0, T]. We can treat the case t G [— T, 0] 
in the same way. First, by using wave packet transform, we transform 
(PQ) into a first order partial differential equation and a lower order term. 
By integration by parts, we have 

(8) W^( t) .) (id t u) (t, x, £) = i^W v ( tj .)«(t, x, + W^t,.)^*, x, 
and 

^ (t ,)(^A W )(t,x,e) 

l£l 2 

(9) = Wi Ay(v) u(*, x, + V SB W^ (<1 . ) u(t, x, - ^Wrt t ,.)u(t, x, 0, 

where <p(t,x) = e^ ltA (p (x). Applying Taylor's theorem to V(t, •), we 
have, by integration by parts, 

W^ (ti .)(V M )(t,x,0 



p(t, y - x) (V(*, x) + V x V(t, x)-(y- x) 

n 

+ XI ~ x i)hlh - Xk)V jk (t,x,y)^u(t,y)e~ w< dy 

j,k=l 

(10) 

= {V{t, x) + iV s ^(t, x) ■ V € - V*V(f, x) • x}W^ (ti .)w(t, x, + i2u(t, x, 0, 
where 

(11) Ru(t,x,t) 

n „ 

= f(t,y - x ) v jk(t,x,y)(yj - x^iyk- x k )u(t,y)e- iy< dy 

and 

(12) V, fc (t,x,y)= / x ,d Xfc V(t,z + 0(3/-x))(l-0)d0. 

Since id t <p(t,x) + ^A<p(t,x) = 0, we have 

(13) W idtlp{t ,)u(t, x, + Wi A ^. )U {t, x, = 0. 
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Combining 
formed to 



), (TT0|) and (IT5|) . the initial value problem <^ is trans- 



it +i^-V x - iV x V{t, x)-V(- ||£| 2 - V(t, x) 

+V x V(t, x) ■ x) W<p( t ,-)u{t, x, - a, = 0, 

By the method of characteristics, we obtain 



(14) W^ t , )U (t, x, = e-^o ^ « (/(0; t, x, £),g(0; t, x, £)) 

- • jf e<£ h ^^ ds Ru(r, /(r; t, x, 0,»(r; t, x, £))dr 



where f(s;t,x,£) and g(s;t, x, £) are solutions to (j3J) with /(£) = x and 
#(t) = £, and 

= - \g(s- 1, x, 1 2 + V(s, f(s; t, x, 0) - V*V{s, f(s; t, x, 0) ■ f(s; t, x, 0- 

By taking L p -norm with respect to x and £ on both sides of (JHJ), we 
have 



(15) = ||W^,. )M (t,x,0llz- e < ||/i||lS i€ + 







where 
(16) 

h = W vo u (f(0; t, x, 0, 0(0; t, x, f )), ^2 = Ru(t, /(t; t, x, £), #(r; t, x, f ))• 

Now we consider the change of variables X = f(0;t,x,£) and H = 
g(0; t, x, £). From Lemma IXT1 and the implicit function theorem, we have 



d(x,0 



So it follows that 
(17) Wh^ 



<9(X, S) 



|^ 0% (x,s)r 



1. 



«9(x,£) 



«9(x, s; 



On the other hand, from ( TTTj) and the inversion formula of wave packet 
transform for u, we have 



\\f(t,-)\\ 



1 n 
'')l^ 2 j,k=i 




<Pjk(t, V - x)V jk (t, x, y)(p{t, y- z) 
x W<p(t,.)u(t, z,r])e iy ( - ri ~'^dzdridy, 



where <Pjk(t,y) = yji/k(p(t,y). Take N G N satisfying 2N > n. From 

(1 - Ayfe^- 9 ^'^ = (r}- g(T;t,x,0) 2N e w ' {r, ~ 9{T ' Ax ^\ 
we have 



< 



llvfaOII 



1 n 




x Vj fc (r, /Cn *, ^, 0> i/VO, y- z ) 



(l-A y ) N ^ k (T,y-f(r;t,x,0) 

\W<p(r t .)U(T,Z,7l)\ 



rdzdrjdy 



< 



Mr,.)\\ 



1 

"Tip - E E 



i,fc=l|/3 1 | + |/3 2 | + |/3 3 |<2Ar 



x cfM-r, /(r; t, z, £), y)<fV(r, y - z 



(rj-g(r;t,x,0) 2A 

\W V ( T1 .)U(T,Z,7})\ 




(7)-g(r;t,x,g)) 



2N 



dzrfrjdy 



l p f 



Since \9^ 2 Vjk(r, f(r; t, x,£),y)\ < Cp 2 for Cp 2 > 0, we have, by the change 
of variables X = f(r;t,x,£) and H = g(r; t, x, £), Young's inequality and 
Lemma 13.14 



< 



II<p(t,-)|| 



E E 



c, 



ft 



< 



L2 i,fc=l|/3i| + |/3 2 | + |/3 3 |<2A r 

x / \d^Lf(r,y - z)W (p ^.)u(r,z,r])\dzd:r]dy 

d^(fjk{r,y) 



\dfr<p jk (T,y-X)\ 



W\2N 



d(x,0 



dXdZ 



1 

\\ip(r,-)\\ 2 r2 E E C P 

X ll^(r,.)W( r ^^)llL?,„ 
(18) 

< CtIKt, -)IImy , 



2N 



d(X,E 
\\dlMr,-)\W 



L y,v 



for t G [0,T] and r G [0,t]. From ([15)1, ([17]) and ([15), we have 



Olljie,!., - H m o||m£ p +Ct / \\u(t, -)\\m™ dr 



fort G [0, T]. Then Gronwall's inequality yields ||it(t, ■) \\m p '* } — ^t\\ u o\\m^ 



for t G [0,T]. 



□ 
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5. Proof of Theorem 11.21 

We only consider the case t G [0, T], since we can treat the case t G 
[— T, 0] in the same way. First, we consider the case (p, q) = (oo, 1), next 
(p, q) = (1, oo) and finally general (p, q). 

In the proof of Theorem 11.11 we have already obtained 

\W vM u(t,x,0\ < \h\ + / \h\dr, 

Jo 

where Ji and I2 are defined by (1161) . Take N G N satisfying 2N > n. 
From 

(1 - AjNjv-h-afP&x*)) = ( 77 -^(0;t,x ) O) 2JV e^ ( ' 7 - 9(O;t '^ )) , 

we have, by the inversion formula of wave packet transform for uq and 
(JSJ) in Lemma [3.21 



\h\ 



kolli 2 




< 



\<po\\h 



Voiv - f(0;t,x,£))<po(y - z) 

x W Vo u (z, rfie^-s^Mdzdridy 




|(1 - A y ) N {Mv - f(0;t,x,O)Mv - z)}\ 



x 



|iy yo M (z,ry)| 
(r]-g{0;t,x,0) 2N 



dzdrjdy 



<c(i+\t\r E 

|/3i|+|/3 2 |<2jV 




KVo(y-/(0;t,ar,0) 



(19) 



By Fubini's theorem, we have 



l^l|Ug°l|L| 



<c(i+\t\r e ii^oiu, 

I/81 1+|/9 2 |<2JV 



X 



r oo r 1 

-^2 I I -^77 



|/3i[+|/3a[<2JV 
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for t G [0,T]. Similarly, we have 



< 



1 - 




(l-A y y{ m (r,y-f(r;t,x,0) 



< 



x Vjk{r, /(r; t, a;, g), y)<f(r, y - z)} 
C(l + \t-r\) 2N 



\W v{T) .)u{r,z,r})\ 



dzrfrjdy 



y(T,-)\\ 2 



L 2 
n 

*E E 

i,fc=l|/3 1 | + |/3 2 | + |/3 3 |<2Ar 




\d^ jk (r,y-f(r;t,x,0)\ 



x \d^V jk (r, /(r; t, x, 0, y)^V(r, 2/ - z)\ l -^^^dzd V dy, 



where tpj k (t,y) = yjyk<f(t,y) and Vj k is defined by (JT2j) . Since 
l^ 2 ^(r,/(r;t,x,0,Z/)|<^ 2 

for > 0, we have 

C(l + |t-r|) 2JV 



llvfaOII 



x E E c & 

j,fc=l |/3i| + |/3 2 ] + |/3 3 |<2V 




|aJVifc(r,y-/(r;t,x,0)l 



j,k=l |£i| + |/3 2 | + |/3 3 |<2iV 
-2N 



lAWIW^-Mt, Z,T])\\ L? \\ L i 



xK^,k(r,y)\\Ll\\(- 
< C^\\u(t,-)\\ m ^,x 

for t G [0,T] and r G [0, £]. Hence, we have 

\\u(t r )\\ M ^i < ||||/i||l-|| l i + / ||||J: 

(20) <C T ||« || M ^ + C^ / ||u(r. 

^° Jo 

for t G [0,T]. Applying Gronwall's inequality to (120|) . we obtain 



o,i dr 



(21) 

for t G [0,T]. 



II Af"- 1 . - 



¥>(*,■) 
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Next, we consider (p, q) = (1, oo). Take iVeN satisfying 2N > n. For 
all multi-indices 0i, we have 

\\d^Mr,y-f(r;t,x,0)\\Li 

(y-f(r;t,x,0) 2N 



<C{l + \t-T 



2\2N 



n (y-x + (t- t)0 



5]vl^V(^y- f{T]t,x,g))\ dx 



2\2N 



sup {y) m \d^y{T,y)\ 
re[o,T],yeK n 



n {y-x + {t- r)0 



2iV 



< C(l + T 

(22) 

< C T 

for t G [0, T] and r G [0, i]. Here, we have used (jl]) in Lemma 1X21 Thus, 
we have, by ([HI . (T2"2"j) and Fubini's theorem, 

IIIIAIUilUf 

<C(l + |t|r £ /7Y ||^Vo(y-/(0;t,x,e))|Ux 

l/3i| + |&|<27V JJJ ^ 3n 

< C^||M || A/ i r 

for i G [0,T]. In the similar way as above, it follows that 

I 11-^2 \\Lf 

C{l + \t-r\)™ 

\d^ j>k (r,y-f(r;t,x,0)\ 

(v - e> 



dx 



< 



I? 



j,k=l |/3i|+|#2|-HA5|<2iV 




' y II Af 



1 ,00 



for r G [0,t] and i G [0, T]. Thus, we have 



¥>(*>•) 



'2 Li II L: 



(23) <C^KII M i r +C^ I \\u(a,-) \\ M i, r dr 

for t G [0,T]. Applying Gronwall's inequality to ( |23|) . we obtain 

(24) KV)lh 
for t G [0,T]. 
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Finally, we consider the general case. From Theorem 11.11 we have 
(25) \\u(t, OIIj^X) - ° T ^ M ^- 

Combing (l2Tj) . (|2^|) and (|25|) . we have, by the complex interpolation 
theorem for modulation space, 

IK^OIIm™.) < CtIKIIm™ 

for t G [0, T]. Therefore we obtain the desired result. □ 

Appendix A. 

First, We remark that if V(t,x) G C°°(R x R") satisfies © for all 
multi-indices with |a| > 2 then the ordinary differential equation (J3]) 
with the initial condition f(t) = x and g(t) — £ has a unique solution on 
R. In fact, the existence of the solution on [t — a,t + a] for some a > is 
proved by Picard's iteration scheme. Here is the outline. Let f^°\s) = x 
and g(°\s) = £ and set 

f (k+i) {s) = x+ J° g W(j)dT and g {k+1) (s)=^-J\v x V)(Tj< k \r))dT. 

Then {/(*)} and {^} converge uniformly to some functions f(s) and 
g(s) on [t— a - , t+a] and the functions /(s) and g(s) satisfy the initial value 
problem and belong to C°°([t — a, t + a}). Moreover, by using following 
Lemma A.l, we can show that above fact holds not only on [t — a, t + a] 
but also on R, easily. Lemma A.l is also used in the proof of Lemmas 
A.2 and A.3. 

Lemma A.l. Let V G C°°(R x R n ) satisfy (J2J) for all multi-indices with 
|a| > 2. Then, for all multi-indices (3 with \/3\ > 1, d@V(t,x) is Lipschitz 
continuous with respect to x, more precisely, there exists Cp > such 
that 

| {dP x V) (t, y) - (d?V) (t,z)\ KCpnWy-zWoo 
for all t G R, y, z G R". 

Proof. Let t G R, y = (y h . . . , y n ) G R™ and z = (z 1: ... } z n ) G R". 
Since \yu~ z k\ < I \y — A loo for k = 1, . . . , n, it is enough to show that 

n 

| {%V) (t, y) - (d%V) (t, z) | < Cp \vk ~ z k | . 

k=l 

Set F(6) = (dgV)(t,z + 6(y - z)). We note that F(0) G C°°([0,1]), 
F(0) = (d^V)(t,z) andF(l) = (d^V){t,y). By the fundamental theorem 
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of calculus, we have 



{%V)(t,y)-(dZV)(t,z)= f '±F(0)M 



de 

„1 n 

(26) = / y"{y k -z h )(d Xk dPV){t,z + Q(y-z))dO. 

Jo k =i 

Since V satisfies (j2J) for |a| > 2, we obtain 

(27) \(d Xk dP x V)(t,z + e(y-z)) \ <C? 

for k = 1,2, ... ,n. Combining (126 p and (12"T|) . we obtain the desired 
result. □ 

Next, we establish one more lemma relating to the Lemma A. 3. 

Lemma A.2. Let h G M\{0}, T > and V G ^(Rxl") satisfy fl2} for 
all multi-indices a with |a| > 2. Suppose that f(s; t,x,£) and g(s; t, x, £) 
are solutions to (|3D with /(i) = x and <?(£) = £. For = 1, . . . , n, we set 

<ph,k(s;t,x,C} 

= (/(s; t, x + /ie fc , - /(s; t, x, £), </(s; t, x + fre fc , - g>(s; t, x, 0) 

and 

= (f(s\t,x,£ + he k ) - f(s;t,x,£), g{s;t,x,£ + he k ) - g(s; t, x, £)), 

A' 

where e fc = (0, . . . , 0, 1, 0, . . . , 0) G R n . Then 

lim sup \\<f> hk (s;t,x,£)\\ 00 =Q and lim sup \\if) htk (s;t,x,£)\\ 00 = 0. 

h ^°\s-t\<T h ->° \s-t\<T 

Proof. Here, we only show that \im h ^,QSup^ s _^ <T \\(j)f l ,i(s;t,x,^)\\ 00 = 0. 
We can treat the other cases in the same way. Put 

F(s; t, x, f ) = f(s; t,x + he x , f ) - f(s; t, x, f ) 

and 

G(s; t, x, = g(s; t,x + he u £) - g(s; t, x, £). 
Since F(£; i, x, £) = /(t; £, x + hei,£) — /(£; t, x, £) = hex and 

^F(s; t, x, = gr(s; t,x + he x , f ) - g(s; t, x, £) = G(s; t, x, £), 
we have 

F(s; t,x,£) = hei + J G{t; t,x,£) dr. 

Thus, we have 



(28) \\F(s;t,x,0\\oo<\h\ 



||G(T;t,X,£)||oodT 
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On the other hand, since G(t; t, x, £) =0 and 

— G(s;t,z,0 = -V x V(s 1 f(s',t,x + ke 1 ^))+V x V(sJ(s',t 1 x,C)) 1 
we have 

G(s; t, x, = - j {V X V (r, /(r; f , x+/ie 1; 0) - V,V (r, /(r; t, x, 0) }^r. 

By Lemma A.l, there exists C > such that 
\\G(s;t,x, OWoc 



< 



f II V x y (r, /(r; t, x + /m*, £)) - V x V(t, /(t; i, x, £)) l^dr 



(29) < 



||F(r;t,x,0lloo^ 



From ([2HD and ([21D, we have 

(30) ||0 M (s;t,a;,O||oo< W+C 



where C" = max{l, Cn}. Since |s— 1\ < T, applying Gronwall's inequality 
to (|30|) gives 



□ 



(31) II^M^^^OIIoo^l/ile^-^l/ile^ 
Hence, we obtain the desired result. 



Next, we show the differentiability of the solution to ([3]) in initial 
datum. 

Lemma A.3. Let T > 0, V G C°°(KxM n ) satisfy (TJ for all multi-indices 
a with \a\ > 2. Suppose that f(s;t,x,£) and g(s;t,x, £) are solutions to 
(jHl) satisfying /(£) = x and g(t) = £. Then /(s; t,x,£) and g>(s; x, £) are 
C°°-function with respect to x and £ in |s — t| < T. 

Proof. Let A(s,y) be the 2n x 2n matrix defined by 



(32) 



/ 



A(s,y) 



2 



o 



n 



dxidxi 



d 2 
dx n dxi 



V(s,y) 



d 2 \ 



V(s,y) 



dx\dx n 



d 2 
dx n dx n 



V{s,y) 



O 



n 
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where O n is the n x n zero matrix and E n is the n x n identity matrix. 
Let h G K\{0} and put 

= (f(s; t,x + hej, f ) - f(s; t, x, f ), g(s; t,x + he j} f ) - g(s; t, x, f )) 

and 

ip h>j (s;t,x,£) 

= (f(s;t,x,£ + hej) - f(s;t,x,£), g(s;t,x,£ + hej) - g(s; t, x, £)), 

3 

where ej = (0, • • • , 0, 1, 0, • • • , 0) G M. n and j — 1, 2, . . . , n. Suppose that 

w {k \s; t, x, £) = (w ljk (s; t,x,£),..., w 2n , k (s; t, x, £)) 
is the solution of 

dw(s) 

(33) ' 



(is 



w(s)A(s,f(s;t,x,£)), 



w(t) = (0,... ,0,1,0,-.. ,0), 
\n. 

First, we show that 



where k = 1,2,..., 2n. 



(34) 



lim sup 

h -*°\a-t\<T 



From ([3]) and (1261) . it is easy to see that 
ds V 



x 



<f> h)j (s,t,x,£,) 

A(s, f(s; t,x + h ej , + 0(/(s; t, x, f) - f(s; t,x + hej,£)j)dO 



(35) 



1 



-^(f>h,j(s, t, x, £)A(s, f(s; t, x, £)) + jh,j(s, t, x, £), 



where 



(36) y hJ (s;t,x,£) = -J (j> hij (s,t,x,£,)<^A(s, f(s;t,x + hej,£) 

+ t, x, - f(s; t,x+ hej, £))) - /(s; t, x, £))}dB. 
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A(s,f(s;t,x,0) 



By the definition of A(s, y) and Lemma A.l, there exists C > such that 
A.(s, f(s; t,x + hej, f) + 9(f(s; t, x, f) - f(s; t,x + he j} g)) 



< Cn(l - 6) t,x + h ej ,0 - f(s, t, x } 1| 
(37) 

< (7n||<^(s;t,z,£)||oo 

for 9 E [0, 1]. Thus ()3~I]h P]) and ([57]) yield 

2Cn 2 

||7fcj(s;*>z>0lloo < 



2 

oo 



(38) <2^ 2 ||^( S ;t,x,Ollooe c; ' |s -* 1 

for C > 0. As V satisfies the estimate ([2]) for all multi-indices a with 
| a | > 2, there exists M > such that 

(39) ||A( S ,/( S ;t,x,0)||oo<M. 

Since <j>hj(t] t, x, £)/h — w^\t; t, x,£) = 0, we have, by (1331 and (|35|) . 

^^-^)( S ;t,x,0 



\hdr 



<fih,j(T;t,x,£) - —w®(r',t,x,g) ) rfr 



fir 



lh,j{T\t,x^) dr 



+ 



(j>h,j(r;t,x,£) 



h 



w^(r,t,x,m A(r,f(r;t,x,0)dT. 



So we have, by (13"8"]1 and 



(40) 



rt+T 

<2Cn 2 e c ' T / ||^ J -(r;t,a;,0lloodr 

./t-T 



+ 2nM 



for \s — 1\ < T. Applying Gronwall's inequality to (140]) . we obtain 



rt+T 

<2Cn 2 e^ M+c '^ / ||^(r,t,x,e)||oorfr 

Jt-T 
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for \s — 1\ < T. By Lemma A. 2, we obtain (I34p . Thus, we have 
dfi(s;t,x,£) 



and 



for k, I — 1, 



dx k 

dgi(s;t,x,£) 
dx k 



w n+ i )k (s;t,x,£,) e 



n. 



On the other hand, in the similar calculation as above, we have 

= 0. 



lim sup 

h -*°\s-t\<T 



Thus, 



and 



dfi(s;t,x,£) 
dgi(s;t,x,£) 



wi ;n+k (s;t,x,£) e C(R) 



w n+ i :n+ k(s;t } x,^) G 



for k, I = l,...,n. Hence, f(s;t,x,£) and g(s;t,x,£) are C 1 -function 
with respect to x and £. 

Using above fact, we can easily show, by induction, that if V(t, x) is 
C r+1 -function in x then f(s;t,x,^) and g(s;t,x,£) are C r -function with 
respect to x and £. Therefore we obtain the desired result. 



Proof of Lemma 13.11 Put w^ k \s;t,x,^) = {wi^ k ,w 2jk , 
1 < k < 2n. By Lemma A. 3, w^ k \s) are the solutions of 



□ 

w 2n ,k) for 



dw(s) 
ds 



w(s)A(s,f(s;t,x,^)), 



W (t) = (0,---,0,l,0,---,0), 



(41) 



d(detM(s; t, x, £)) 



ds 



dwi 



dwi 



2n 



ds 
w 2 ,i 



W 2 n,l 



ds 

W 2 o n 



w 2n . 2n 



+ ■ ■ • + 



3). Then 




101,1 


Wl,2n 


w 2]1 


w 2t2n 


dw 2nA 


dw 2rij2n 


ds 


ds 
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Since *2£& = w^(s)A(sJ(s;t,x,0), we have *^ = E?=i <W„ 
and then 

(42) 

dit; w 0U>l,2n 

2n 



™2,1 



ds 

W 2 ,2n 



i=i 



^2n,l ' ' ' w 2n,2n 

From (gT]) and (l4"2j) . we have 

d(detM(s;f,ar,f)) 
ds 



W 2 A 



W j)2 n 
W 2 ,2n 



W 2n ,l 



W 2n , 2 n 



andetM(s) 



(an H h a 2n2 n)detM(s; t, ac, £). 



d(dctAf(s;f,z,g)) 

detM(s; £, x, = detM(t; t, x, f) = detE 2n = 1. □ 



Since trA(s, f(s; t, x, £)) = 0, we have aiaCTJW ^' r ' x '^''' 1 = 0. Therefore 
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